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Abstract

An efficient boundary integral procedure has been developed to study groundwater fluctuations for a well-aquifer system
characterised by a transient boundary condition. This technique, referred to as the Green element method (GEM) is a hybrid
procedure which implements the Boundary element method (BEM) in such a way that domain integration is carried out element
by element. By adopting a procedure that is close to the Finite element method (FEM), GEM is able to yield a solutionlthat not
agrees with the physics of the problem and the accompanying boundary conditions, but compares favourably with an available
closed form solution.

Introduction results with those obtained by Gill (1981) and Mustafa (1984).
Analytic solutions were also presented by Mustafa (1987), Ma-

The problem of groundwater movement through an underlyinino (1974) and Latinopoulos (1981) for various cases of ground-

porous medium is very important in several aspects of enginegvater flow through porous media.

ing. Groundwater movement plays a role in agricultural, environ- In the work reported herein, we adopt the Green element

mental and industrial processes. In all these cases, the engimeethod (GEM) to determine changes in the ground water table by

is primarily concerned with the problem of quantifying or detercomparing our numerical results with those obtained by Onyejekwe

mining the net movement of water due to losses and vario(s998).

means of transport. Efficient management of aquifers requires an

accurate estimation of sustainable yield at which groundwatBroblem formulation

can be exploited without stressing the porous medium. Recently,

this concern has acquired new dimensions due to rising conceffiee partial differential equation which describes the movement

about continued and sometimes intensive groundwater exploit-water in a confined aquifer coupled with recharge is given by

tion in areas where surface water is becoming insufficient. (Mustafa, 1984):

The flow of water through porous media is a subject of great

interest and has attracted a number of researchers. Early investi- V(92u(3c,t) _outt) | _

gations on groundwater resources of the African Sahara were a2 ot H=

performed by Hammad (1969) on a series of wells arranged in line

with small spaces in between them. Some of his solutions couithere:

not be related to the boundary and initial conditions proposed. p (the source term ) x(1-x)

Later, Gill (1981) improved on the solution of Hammad (1969) by u = u(xt), is the height of water table

providing a new set of initial and boundary conditions and v =T/S

formulated a transient flow problem whose solution reduced to a T = aquifer transmissivity

steady state after a long period of time. Mustafa (1984), working S = the storage coefficient

on the same problem as Gill (1981) introduced a leakage and a | = X, - %_is the length of the problem domain.

recharge source and applied Fourier series analysis to arrive at

time-dependent solutions of his transient problem. Ram et @or Eq. (1) to be well posed, information is required at initial time

(1994) assumed recharge as a line source in addition to a vertigat 0) and at the boundaries.

infiltration. Their solutions agreed closely with those presented We propose a Green element numerical solution of Eq. (1).

by Mustafa (1984). Onyejekwe (1994) arrived at an analytiflost of the theoretical and computational aspects involved in the

solution to the problem of an unsteady flow to an observation welevelopment of GEM can be found in our previous papers

from a semi-confined leaky aquifer by converting both the norfonyejekwe, 1996; Taigbenu and Onyejekwe, 1997; Onyejekwe,

homogeneous governing equation and the boundary conditions)g97), and as such no effort will be made to go through them in

a set of Sturm-Liouville problems. Further work on a semidetail. As indicated earlier, GEM is based essentially on the

confined leaky aquifer subjected to a spatially varying rechargsundary integral theory, but its element-by-element implemen-

and transient boundary condition was presented by Onyejekiion follows that of the Finite element method (FEM). The

(1998). Plausible agreements were achieved on comparison of f@sulting hybrid procedure yields a method that is more adapted

to handle those problems which give rise to considerable numeri-
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comment that the whole idea of GEM is not to replace otheilifferential equation which is solved for each element of the
“traditional” and more“entrenched” numerical techniques, problem domain to yield both the primary variable and its
but to enhance the numerical application of the boundary integiddrivative. The hybridisation procedure resumes with the divi-
theory to the solution of engineering problems. In this context, waon of the problem domain into elements. If for example we have
test the suitability of GEM on a groundwater problem involving total of M number of elements, Eq. (8) can be written for all
a transient boundary specification, and a recharge function. the elements as:
Application of GEM to solve Eq. (1) essentially requires theMe
following steps: 2; —21(6)u52)+[H(x 2(e)_xl_(e)]u 2(e)_
pos
. iirgtral%;ral replication of the governing partial differential eqUa‘[H(xl(e)—x,.(e)—H(x,.(e)-x(f ul(e)—(lxz(e? x| +k)pP+
« Discretisation and representation of the resulting integral, 2 ” 1x’
eqguation on a generic element of the problem domain. Jxl( )-x,.( )+k)¢(1)+;f[(lx‘xi(e)|+k)(%+“) Jdx=0 i=12 9)
* A finite element type solution to determine the field vari- %9
ables. where the length of a typical element is giveri®y x,© - x ©,
and x, , x_are the co-ordinates of the end points.
We start by converting Eq. (1) into its integral form. This is
achieved more straightforwardly via the Green’s second identitlumerical procedure
For two functionsG andu which are twice differentiable, the

Green’s second identity is formally represented as: Having described the theoretical framework of GEM, the basic
concepts of its numerical implementation are now discussed.
L 2 2 =%, Unlike BEM, domain discretisation is not considered a disadvan-
G Ju _ G Ju > .
f uF - G'a—2 dx = "a_x - Gg; 2 tage; this aspect of FEM lends the GEM much of its robustness
x, x x = and versatility (Onyejekwe, 1996). In addition to dividing the

problem domain into elements, the dependent variables are
In order for us to be able to utilise, Eq. (2), we seek a complemespecified in terms of the summation of the products of the

tary differential equation to Eq. (1). This is given by: interpolation functions and the unknown nodal values of the field
G variable.
_; =9 (x-—xi) (3)
o u(w) = QWm0 + QP u)
where &(x-x) is the Dirac delta function. Let the solution of Sulx du’ (x,0) duy (x,0)
Eg. (3) be of the form: d)(x,t):—u = Qi(x)—l—— + Q;(x)z——
. ox ox ox (10)
G(x7x1') = _(|x_xil+k) (4)
2 where:
whereKk is an arbitrary constant, ar@(x,x) is known as the Q©=1-§ Q= E are interpolating functions
fundamental solution. It can be physically interpreted as the g = (x-x®)/ 1© is a local co-ordinate.
response of a system governed by Eq. (3), when it is subjected to
a unit instantaneous input. The derivative of Eq. (4) with respegibstituting Eq. (10) into Eq. (9) yields:
to x is given by: ,
Y (-2 + [HE® - x©@) - Hx® - xOu® -
dGrx) _ 1 2 S _
D A [H(x—x.) _ H(x.—x)] 5 [H(xl(e) _ xi(e)) _ H(xi(e) _ xl(e)]ul(e) (lxz(e) JC_(e)! +l)¢25) + (lx(e) _ x{e)[ +I)¢(e) +
e 2 i i ( ) © ', i 1 i 1

— du aul®
_ +® () 1 (e) (e) 2 (
.. . . . ; D | QF (—— IS de=
whereH(x,x), the Heaviside function, is defined as: fﬂx xl )[ v @ SRRt @ b') 0

(&)
%"

(11)
H(xx) = (1’ X=X, 6) Observe that we have substituted the longest spatial element size
i 0] X=X, in the problem domain for the arbitrary constarihis guarantees
that the coefficient matrix remains positive. We obtain two
Introducing Egs. (1) and (3) into Eq. (2) yields: equations from Eg. (11), by considering the positions of the
X, source node at andx, respectively. If the source nodeg is
. . ! X - . i
f [ uB(x-xi)—g(ia-l—' +H)] e = [ ,9G G% l‘ “ 7 located atx, we obtain a discretised equation given by:
e v ox ox . M, _ _
’ ' Y v + a0~ 1) ¢F) +
Eq. (7) can now be simplified to give: el

(e) au®
2

1 du

e, %L (e) (@), (€) 1 (e) (e) (e _
3G ou ™ [ Gf ou 19 [@+190) | QF (—— + 1) + QP (—— + pf) |dC = 0
~Au(x,f) + [ ua Gé; ]: +f ( dc=0 (8) { dt dt (12)
in whichA takes the value of unity if the source points within Simila_lrly when the source node isxgtthe following discretised
the computational domain or half if it is located at the boundarie§duation applies:

Eq. (8) is the integral representation of the governing partial
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anda is a weighting factor which varies from 0 to 1, and positions
the time derivative at the time level which it will be evaluated.

L ' ® 2 Conventional definitions of these time levels in the finite differ-
1@ f (+100-0) | Q9 (=1 + 4@+ @ (2 N {d¢ =0 ence and finite element methodologies descuibe 1.0 as the

0 at dt (13)  fully implicit scheme,a = 0 as the fully explicit scheme, = 0.5

is referred to as the Crank-Nicholson sheme, and= 0.67 is

As a result of this procedure, we have discretised the governigtyen as the Galerkin's scheme. In this work, The Galerkin's
partial differential equation and replaced it with a set of quastheme gives results that are closest to the closed form solutions.
ordinary differential equations at the nodes. These equations daince the time term has been evaluateghatifit, we can now go
now be put into a single matrix equation given by: ahead and evaluate other terms of Eq. (14) at this time level. We
then adopt a weighted average expression given by:

Mz

v(+u1(e)—u2(e) (1 + 199 —l_d)(;)) +

e=

M, ©
4 du A G e, e 3 G e £, €,
2 DROWS « DY + 17\ v =0 Xy R« LR - (0 -aORD - SLPED) -
(14) T,.(.e)[i u© - u YO ap®  + (1-)p®@)| =0 :0<asl
and the elements of the coefficient matrix are given by: T{Ar T pmel pm (19)
© -1 N The subscripten andm-+1 refer to the value of the coefficients at
R; = [ 1 _1] = (-)vt, i,j=12 (15) timetandt+ At respectively. A global system of matrix equation
representing the problem is given by:
© _ I -1+1© s (16) A%
LY = [111@ HAshj=1,2 (4], ¢ (RHS) (20)
_ _ where A is the coefficient matrix, an®RHS is the right-hand
37+1©@ +371+2]@ _ (17)  vector. Eq. (20) is a linear algebraic equation and can be solved
3T 421 Topo| > =12 b thod based on Gaussian eliminati
31+21 371+2] y any method based on Gaussian elimination.

Example problem and discussion
Approximation in time

With GEM formulation completed, we now compare our humeri-
Various numerical techniques can be adopted for the time derivegl solution to the analytical solution obtained by Onyejekwe et
tive of EQ. (14). In the work reported herein, we shall adopt @. (1997). The example problem is a leaky confined aquifer of
2-level time discretisation scheme to approximate the temporgngth L resting on a horizontal boundary bounded by a well on
derivative. This procedure carries out the approximation of thene side and a river on the other as shown in Fig. 1. The aquifer
time derivative at=t_,_ =t _+ aAt. This procedure is given by considered is assumed to be homogeneous with respect to storage

the following finite difference expression: and isotropic with respect to transmissivity. The water level in
the well is assumed to lug + S initially and drops tdJ  after a

du, u O, AD-u@ ) u"D-u" long period of time Y, = 1, § = 0.5 and transmissivity] =1,

it AL = A7 ;  0<a<l vy =1 for this problem). The height of the water in the river is

(18)  assumed to be constant and that at the well varies as a function of
time. In addition a parabolic recharge functiBs x(1-X) is
wheret_is the previous time level t=t__ -t _is the time step, imposed on the system. The problem thus specified is desribed by
andt__. is the current time level where the solution is determinedhe following initial and boundary conditions:

v
Figure 1 S, b (x,1)
Schematic
representation of the
problem
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Initial condition: ux,0) = U +§ Results and conclusions

Boundary conditions:  u(0,t) = U+Se™ t>0 Results obtained by GEM and those presented by Onyejekwe
u(L,t) = U+s, t>0 (21)  (1998) are shown in Figs. 2 and 3. It can be noted that the two plots
are in agreement with the physics of the problem and the specified
where for this problem, P the time coefficient is unity , the tim@itial and boundary condition. In Fig. 2 wher0, i.e. at the well,
stepA t =.01and the total number of elementsML0. The closed the height of water was found to decrease with increase in time.
form solution to this problem as presented by Onyejekwe (1998jter a long time interval, this value was found to be constant at
is: U, At x=L, the height of water in the river remains fixed at
_ S _ U + S, Similarly for Fig. 3, there is a steep rise in flux for values
u@) = U, + Se™ + f M(1-e™)+ of t less than 3, but for longer periods, the flow rate stabilises as
“vnlnlt indicated by Eq. (25).
f:A ) e L? sin(ﬂ x) (22) A boundary integral procedure has been developed for deter-
N L : .
mining the changes in water table exposed to a transient boundary
condition and space-dependent recharge. This technique was
whereA (t) is given by: compared with the closed form solution obtained by Onyejekwe
(1998) and excellent results were obtained. Extension of GEM to
2-D application is straightforward (Taigbenu and Onyejekwe,

PS,[eP-e™ L - - sin(, L) |
A

)L" 1995).
4,0 = . +
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