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Abstract

This study suggests a hypothesis for determining and a model for computing suspended solids behaviour during batch settling
aimed at better understanding of the settling process and more accurate and convenient determination of solids profiles. The
approach is built on the graphical approach of Work and Kohler taking into account the effect of sdal8afileeight of
suspension) on the settling of the surface of suspension. It is shown that the proposed approach includes the sameamformation
the traditional Kynch theory of sedimentation. The proposed model, derived from the hypothesis and a model for a batch settling
curve, introduces a mathematical tool for determining the solids layers and it also eliminates the disadvantage of tie®@iynch th
which only offers a graphical procedure for the determination. The applicability of the model was tested with calcium carbonate
(CaCqQ) suspension. The experimental study proves that the model can be successfully utilised in computing the behaviour of
calcium carbonate during a batch settling test.

Nomenclature fails to describe the settling of particles. If the concentration is
high enough there is significant interaction between the particles
aandC parameters describing solids  and in a batch settling test they start to settle together having a
settling clear interface between the suspension and the supernatant liquid.
CaCQ calcium carbonate This type of settling is typically observed with suspensions like
dh(th.v,V settling velocity of the solids activated sludge, CaC@nd metal hydroxide slurries.
dt surface A theory for explaining settling of suspensions with high
oh, difference between the starting concentrations was suggested by Kynch (1952). The theory
heights of two curves predicts behaviour of solids during a batch settling test and is
oh(t,h) difference in height between the applicable to certain materials like caolinite clay but not for all
two curves at time t types of suspension like activated sludge (Cole, 1968). However,
h, H, initial height of settling curve the theory is still, probably, the best interpretation suggested for
h(), h(t), h(t), h(t, ), height of settling curve zone settling phenomena despite its shortcomings.
H(t), H(t), H(T), H(T) “ On the other hand, the disadvantage of the Kynch theory is
hlg(t) point where tangent crosses the that its graphical approach for determining solids behaviour is
vertical axis time-consuming. This paper suggests a model to facilitate the
Oh(t), Oh(t), Oh(t), OH(t), line showing the constant prediction, which is postulated from the Work and Kohler (1940)
concentration approach, taking into account the effect of initial height of
OH(T,), OH(T,) “ suspension on the settling curve. The applicability of the model
t, T, T, tand} time was tested with a CaGBuspension.
0 initial solids concentration o . )
Xoney X(tH), X(t,H) solids concentration Determination of the solids behaviour
Introduction The Kynch (1952) theory of sedimentation

Particles settle independently when solids concentration of suge Kynch (1952) theory of sedimentation is derived from a
pension is low and the particles are at a considerable distar@g@tinuity equation ignoring the details of forces on the particles.
from each other. This type of particle settling is referred to aEhe basic assumption of the theory is that at any point in the
clarification and can be accurately explained by Stoke’s law. Agtispension the settling velocity of a particle depends only on the
a particle settles independently from others, only the characté@cal concentration of the suspension. Other essential assump-
istics of the particle and the properties of the fluid affect théions of the theory are that the wall effect is ignored and the
settling velocity of the particle. particles are of the same size and shape.

Settling is different when the concentration of solids is high  The important contribution of the theory is that it shows that
and the distance between particles is so small that the particleg solids concentration layers travel upwards at a uniform
come into contact with one another. In such a case, Stoke’s Ia@locity and that such velocities are constant for each concentra-

tion. A typical settling curve with lines of constant concentration
* Present addres$oil and Water Ltd., Itdlahdenkatu 2, FIN-00210 is shown n Fig. 1. Lines parallel tp Fhe line CW“OW constant
Helsinki, Finland concentrations, representing the initial concentration of the sus-
& 358-9-682 661; fax 358-9-682 6600; e-mail: renko@fpt.vn pension. As the solids settle to the bottom there is an extremely
Received 22 August 1997; accepted in revised form 22 May 1998  rapid increase of concentration from the initial to the maximum
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Settling of suspension surface with the lines of constant
concentration (Kynch, 1952) Figure 3
The effect of the initial height on settling curve
h (Work and Kohler, 1940)
0

The new proposed approach

According to Work and Kohler (1940), if a settling curve of
suspension with a fixed concentration is plotted as a function of
time for two different initial heights, the curves shown in Fig. 3
are obtained where the ratighy =Oh(t):OH(T,)=Oh(t,):OH(T))
is a constant everywhere. Thus, if the settling curve is obtained for
any initial height, curves can be drawn for any other height.
Here the Work and Kohler (1940) approach is used as a basis
for a hypothesis which assumes that curves drawn according to
their approach can also be used for determining the solids profile
during a batch test. The hypothesis suggests that in a settling
column with a constant area of cross-section and vertically
uniform initial concentration ¥ the amount of suspended solids
remains constant between the drawn curves. The following
description will demonstrate the proposed approach. In Fig. 4 the
above curve starting from, depicts a measured curve and the
lower curve starting from Hs drawn according to the Work and
Kohler (1940) approach. Now, according to the proposed ap-
possible concentration which is depicted with the line Pfithe ~ proach the average concentration between the curves at the
theory suggests that the concentration remains atits maximum ungiment t can be calculated by the relationship:
this line meaning that the possible consolidation of the material is
ignored. The spray of lines between the initial and the maximum (N, -H)X, = (h(t) - HB)X(t, h)
concentration lines represents intermediate concentrations. o )
The theory submits a simple graphical approach to determif8d S|m|IarIy, the aver_age_concentr_atlon between the lower curve
the concentration layers. A tangent drawn to the settling cur@®d the horizontal axis with equation:
from po_int h(t) cuts the ve_rti_cgl axis aF _poirggt(h (Fig. 2). The _ HX_ = HOX(, H)
correlation between the initial conditions and concentration % °

hyg(t)

height

O tirﬁe

Figure 2
Graphical interpretation of the Kynch theory of
sedimentation

corresponding to line Oh(t) is expressed as: where:
X = Xh, ) h(t)and H(t) are the heights of the curves at time t, and
Oh(y) ~ _htg(t) X(t,h) and X(t,H) are the average concentrations between h(t)

where: and H(t), and H(t) and the vertical axis at time t.

X, is the initial solids concentration, ) ] )
htg(t) is the point where the tangent crosses the vertical a>g§_’ drawing se_veral curves solids concentration can be deter-
h, is the initial height of the settling curve. mined at any time and height.
The Kynch (1952) theory and the proposed approach for
With this relationship it is possible to determine the concentr4€termining solids concentration are graphical methods and for
tion at any point on the settling curve. that reason time-consuming and neither very practical nor accu-
rate. To facilitate the determination a model is suggested.
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Figure 4 Measured and computed (by Eq. (2)) settling curves
Graphical interpretation of the proposed approach of CaCo,

The model and consequently, the model for the concentration profile can be
written as:
If at time t the difference between the starting heights of X,
two curves (drawn according to the Work and Kohler (1940) X(t, h) = ox ox o
approach) hH, = dh, !s small, the expression for the proposed o, a o )L+ ) e 3)
approach reduces to:
a a o
Xt h)y=__° .
oh(t, h) or equivalently as:

oh, X

where: Xt h) =

X(t, h) is solids concentration at time t and height h

(4)

h(t,h) - (C & ht, ) t
X,

h(t, h) is the difference between the drawn curves at time t.

At certain times the concentration profile depends only on thep js kept constant during computation (or in simple words if the
initial solids concentration (Xwhich is a constant and the partial soligs concentration in the water-to-solids interface is computed)

derivative of a function h(t, i.e oh(t, h)/oh,. Thus, modelling it can be seen that a model for the Kynch (1952) graphical
of the concentration profile turns out to be modelling of thepproach is written (se&ppendix I1).

settling curve where the effect of the initial height on the curve is
taken into account according to the Work and Kohler (194@xperimental study
approach.

Here, the model for the batch settling curve proposed Qyata collection
Renko (1996) is used for further modelling while any model

describing accurately the settling curve and agreeing with thée settling experiments to test the applicability of the model

Work and Kohler’s (1940) findings can be utilised.
The model for the batch settling curve can be written as:

CXh CXh
ht, b = h +(h - i’ R )
a a
where:
tis time (h)

h (t, h) is the height of the settling curve at time t (m)
h, is the initial height of the settling curve (m)

a and C are the parameters describing solids settling
(kg m2 bt and m H)

X, is the initial solids concentration (kg

were conducted in a graduated cylinder with a total height of

1.5 m. The diameter of the cylinder was 0.2 m and it was equipped
with seven sampling ports with the diameter of 12.5 mm at

heights 0.075, 0.15, 0.25, 0.50, 0.75, 1.00, and 1.25 m (from the
bottom) for measuring the solids profile.

The suspension examined was a CaG@spension which
was prepared by mixing the known quantity of Ca@@h tap
water. The test column was filled with the suspension up to 1.3 m
and agitated with compressed air for about 1 min to provide
uniform concentration throughout the depth. The solids profiles
were determined in successive tests at the moments 0.0, 0.35,
0.78, 1.17, 1.87, 2.25 and 4.0 h after the agitation. The samples
were collected starting from the top port downwards. The sample

It is shown inAppendix | that the model agrees with the WorkVolumes were 50 to 100¢mThe solids concentrations of the

and Kohler (1940) approach.
The partial derivative of Eq. (2) gives:

) e
oh

samples were determined accordin@tandard MethodgL985).

In addition to the profile determination settling of the inter-
face was measured as a function of time for estimating settling
parameters. The parameters were estimated with SAS institute
software for data analysis by using Eq. (1) as a non-linear
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Figure 6
Measured and computed (by Eq. (2) and (3)) solids profiles as a function of height at different moments
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regression model. The method used in the optimisation of tlBecause:
parameters was a multivariate secant method.

h(t)/Oh(t) = H(T)/OH(T),
Results h(t)/Oh(t) = H(T,)/OH(T,),

t/Oh(t) = T/OH(T), and
The initial solids concentration of the CagDdspension was 53.8 t/Oh, = T,/OH(T)

kg CaCQ-m? The estimation resulted in the value of 62.95
kg-m?h* for a and 0.12 m-hfor C, respectively. The sum of then equation for V can be rewritten as:
square for the regression was 5.7469 and for the residual 0.0140

m?, respectively. The measured settling curve and computed (Eq. OH(T) OH(T))
(2)) curve as a function of time are shown in Fig. 5, and the h(®) oh(D) - NG oh(t)
measured and computed solids profiles as a function of height at \, — L 5

different moments in Fig. 6. The solids concentration is com- OH(T) OH(T))
puted by Eq. (3) and the corresponding height by Eq. (2) (Fig. 6). t) -

Oh(t) : On(t)

Since Oh():OH(T,) = Oh(t):OH(T,) is constant, equations for

This study suggests a hypothesis for determining solids behé(f’-loc't'eS are _equal, Le. v= V. Now it can be deduced that a line
iour during batch settling. A model based on the hypothesis is alg@\'vn acco_rdmg to the Wwork and Kohler (1940) appro_ach shows
proposed. The preliminary experimental study shows that tﬁ@ual se_tt!l_ng ve_IOC|ty of two settl'lng_curves start_lng from
model can be successfully utilised for computing the behaviogrlff_erem initial heights. Thus, the solids interface sett_llng veloc-
of CacQ, ity is the same at t_he points p(amd H(T), an_d at the po!nts h)t
yand H(T), respectively. By making the basic assumption that the

Behaviour of solids during batch settling is traditionall . ! ;
described by the Kynch theory of sedimentation which Wagettllng velocity of a particle depends only on the local concen-

published already in 1952. Even if the theory has been criticisdttion of the suspension itis found that the lines used for drawing

it is still the most elementary explanation for the phenomenon Htle settling curves starting from different initial heights also

zone settling. The main criticism is the fact that it is not for aft o1vyhthe (lz_(c)jnstan;_lcqncentratlonds.f £ 2y and (3). wh
types of suspended materials. However, this is a direct conse- e solids profile is computed from Egs. (2) and (3), where

quence of the initial assumption of the theory that particles haye!" 5}3) SEOV_Vrshthe sl_cgids concentration and Eg. (2) th%corre_sEond-
the same size and shape. Kynch himself understood the Iimitati'&? eight. The solids concentration Is not computed straight as

and stated that part of further developments of the theory woufgfunction of helght (i-en(t, hy), bl_Jt with the help. of h This is .
seem to be attempts to remove that assumption. not always practical, but otherwise very complicated equations

Another apparent disadvantage of the theory is that it on ould have to be used. In addition, the advantage of this proce-

offers a graphical procedure for determining the solids layer ure is that the examined points are always under the surface and

This study suggests a model for eliminating this shortcomin ence, the illogical situations where a point_i§ out of range can be
The Kynch (1952) theory is based on solids flux and the contin qu('jded' |—f|_c|;w_ever,_ efforts to ?evelpp afmhothed mo?(;elt;/vheredthe
ity equation having a strong mathematical background while @S profile Is written as a function of height could be made.

proposed model is derived from the Work and Kohler (1940) . The settling curve can be accuratt_aly com_puted with Eq. (2)
graphical approach for taking into account the effect of scal -ig. 5) and the parameters can be satisfactorily used for comput-

Since the proposed procedure is derived from simple assurigd the solids concentration behaviour during batch settling with
tions it is lzasr; to cgmprehend, and also to doub?. Howeverd: (2) and (3) (Fig. €). The difference betwe_en the measured and
despite the different origins the proposed method also includ computed settling curves as \(vell as t_he difference between the
the same information as the Kynch (1952) theory fgggendix measured ap_d the computed solids proflle_s are small. The sum of
II'). This is particularly interesting because Work and Kohlepduares ve_rlfles the accuracy 9_f the settllng model. In "’!dd""’”'
(1940) had published their study more than a decade befd mo_dgl is structurally identifiableAppendix I”.) r_z_aveal_lr_lg
Kynch proposed his theory but as they did not apply the resuilts validity of the structure of the modél.posterioriidentifi-

the Behaviour of solids, the correlation was not discerned. In fa ’|I|ty of the model also supports the choice of the used model

the Kynch (1952) theory of sedimentation can be seen as Iogié:glrlucture (Renkq ar_1d S_irvi'd, 1997). ) )
The solids distribution was not totally uniform in the test

consequence of the Work and Kohler (1940) approach written in . o
a form of theory. column at the moment t = O, i.at the beginning of the test

By studying the Work and Kohler (1940) approach moréFig' 6). Since the samples were collected starting from the top
closely the similarities become more evident. In Fig. 3 two poinf%Ort downwardso, (;allhth_?h_samplesbwglre EOt taken efxactrl1y at thﬁ
(h(t).t) and (h(}).t,) belong to a settling curve starting from h same mo_ment 0 N. TS 1S probably t. € reason for the sma
and the points (H(J,T,) and (H(T),T,) belong to a settling curve variation in the results. Despite the applied sampling procedure

drawn from H, respectively. The settling velocity between the?them_pts to mlnlr_nls%the eﬁﬁCt O; the preg_edlng sar}jpllngﬁon tr:je
points can be calculated as: ollowing one, it is obvious that the preceding sampling affecte

at least the samples taken from the bottom port when the height
(h(t)-h(t,))/(t, ) and of the interface of the suspensions was low. The accuracy of the
(H(T)-H(T))(T-T). measurements can be checked from the fact that the amount of
solids is constant during batch settling and this does not seem to
be exactly the case when the solids surface is low. For these
reasons better sampling techniques should be developed.
The model describes accurately the behaviour of a CaCO
suspension. This fact offers an interesting boundary condition for

Discussion and conclusions

\Y
\%
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ho where:
dh(t, h) is the settling velocity of the surface.
dt

Since the first derivative of Eqg. (2) can be defined as:

dht,
‘L —c. = ht, b
dt Xh,

the model for the concentration in the water-solids interface can be written:
XOhO
X(t, h) = a
h(t, i) - (C- — h(t, Pt
h “n )

00

height

o ty t
time "NOTE: h is considered as constantippendix Il .

Appendix | Appendix 11l

According to the Work and Kohler (1940) approaghifrOh(t)/OH(t). ~ One method for examining the structural identifiability of models that are
Because fOH(t,)=t,/Oh(t)) and H()/OH(t)=h(t)/Oh(t) then lyH =h(t)/  non-linear in parameters is the power series approach (Pohjanpalo 1978).
H(t,)=Oh(t)/OH(t))=t,/t,. By replacing h() and H(}) with Eq. (2) the ratio  The approach analyses the Taylor series expansion of the model response

h/H, can be written as: around time zero checking if the successive derivatives have a unique
CX.h CX,hy . ~La/(X.h) solution for the parameters to be identified.
h, %‘F(hn —%)e ; o The two first derivatives of the model for batch settling curve are:
H, CXoHy | g Kol —ta/(XH,) dh(0, ) a *hO, ) o o«
- o =-— +Cand =— +6G-
2|
and by replacing, with ht,/H, in the exponent, correspondingly: dt X dt X, X
CX,h, - CX,h, )e_t’a JGH,) Since both of the parameters can be solved from the above equatisns,
0
h .« a h(0, hXh,
H, CX,H, +(H, - CX,H, )e_txa/(ono) a=——— andCas:
0 o de
which is equivalent to: h(0, )
CXHh CXHh CXHh CXHh dh(0, i) ar
oo + (HOhO - oo )ellu(XoHo) = XO oo b - ho )ellﬂ(XcHo) C= - ta
a a dt dnh(0, )
) dt
Appendix Il

the model is structurally identifiable under the experimentation. In fact the
The point Q(t) where the tangent drawn to the settling curve cuts thmodelis even globally identifiable except for the case wii¥r= C which

vertical axis (see Fig. 2) is mathematically definett as indicates the solids blanket interface is not settling at all and dj@0h
ah. ) and dh(0, h) = 0. dt
t, TdE
h,(t) =h(t, ) - _d t
t
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